Based on Rydberg single-photon excitation process, one proposal is proposed to fast construct the noise-resistant two-qubit controlled-phase gate (CPG) in Rydberg atoms with the Lewis-Riesenfeld (LR) invariant method in two-level system. The LR phases during the evolution process of the gate are exactly offset or limited to zero. Consequently and correspondingly, the two-qubit π or arbitrary-phase CPGs are constructed. Then the proposal is generalized to multi-qubit π CPG with one control and multiple target qubits. Numerical analysis shows that the π CPGs can still have high fidelities after considering atomic spontaneous emission and dephasings noises. In contrast to threelevel case, the two-level proposal to construct two-qubit π CPG is simple and has a higher fidelity while a little less robust against decoherence. And the proposal is also feasible in the intermediate Rydberg interaction regime. For two groups of reasonable parameters, the two-qubit π CPG can be constructed within 4µs with error probability on the order of 10 −6 or 0.4µs with error probability on the order of 10 −3 .
I. INTRODUCTION
Recently, the neutral atom has emerged as a potential candidate to realize quantum logic gate [1, 2] . And the lack of a strong Coulomb interaction among neutral atoms is an advantage refraining from decoherence [3] , as the coupling to stray fields is weaker for atoms than for ions. The qubit basis states in neutral atoms can be chosen from the ground state hyperfine levels which have long decoherence time to be suitable for storing quantum information [4] . Besides, the hyperfine levels are easily controlled and measured using a resonant laser pulse [5, 6] . When one atom is excited to a high-lying Rydberg state, the Rydberg interaction would significantly shift the Rydberg state in the surrounding atoms, i.e., the excitations of the surrounding atoms would be inhibited [5] [6] [7] [8] . This phenomenon called Rydberg blockade was demonstrated in experiment independently by two groups, with the spaces between the two atoms of 4 [9] and 10 [10] µm, respectively. And constructing Rydberg quantum logic was also widely studied in experiments [11] [12] [13] [14] [15] [16] . In addition, the Rydberg blockade has emerged in the other various quantum information tasks, such as quantum algorithms [17, 18] , quantum entanglement [19, 20] , and quantum simulators [21, 22] . Different from blockade, the proposals via Rydberg antiblockade [23] [24] [25] [26] , can be also used to construct twoqubit quantum logical gates [27, 28] which are universal for quantum computation [29] [30] [31] [32] .
The combination of Rydberg atoms and adiabatic passage is interesting and has been studied for the preparation of entanglement [33, 34] and construction of logical gate [1, [33] [34] [35] [36] [37] [38] . The adiabatic passage ensures the quantum system evolves along one eigenvector or superpositions of several eigenvectors of the Hamiltonian under the adiabatic condition. However, it may limit the speed of the system evolution [39] , which would increase * slsu@zzu.edu.cn the probability of dissipation in decoherence within the long interaction time. Thus, shortcut to adiabaticity (STA) is being studied recently to accelerate the adiabatic process while inherit the robustness of the adiabatic evolution [40] , such as transitionless tracking algorithm [40, 41] , Lewis-Riesenfeld (LR) invariant theory [42, 43] , and picture transformations [45] [46] [47] [48] . Based on STA, the nonadiabatic holonomic quantum computation in Rydberg atoms was studied [49] .
In this manuscript, we propose one proposal to fast construct the two-qubit quantum CPGs via the Rydebrg blockade and LR invariant in two-level system. Through modulating the boundary conditions and evolution path, a time-dependence Hamiltonian considering detuning is designed to drive the initial state to evolve along its specific eigenvector exactly to obtain the two-qubit π CPG. Then the proposal is generalized to construct two-qubit arbitrary-phase (without detuning) and multi-qubit π CPGs. Further analysis show that, comparing with the LR invariant in three-level system [more accurate, in Step (ii) for realizing smaller population of excited state], the two-level case is more simple and effective, while certainly it is a little less robust against decoherence. The other interesting thing is that our proposal is also feasible for intermediate Rydberg interaction strength, which would further relax the experimental conditions. The remainder manuscript is organized as follows. In Sec. II, based on the Rydebrg blockade and LR invariant in two-level system, proposal to construct the two-qubit π and arbitrary-phase CPGs, and multi-qubit π CPG is proposed. In Sec. III, the two-qubit π CPG is constructed again partly with three-level case. Analysis and discussion are given in Sec. IV. Finally, the summary is shown in Sec. V.
(a) Schematic diagram of two interacting Rydberg atoms to construct the CPG with the left control atom c and the right target atom t. VRr is the resonant dipole-dipole interaction strength. (b)[(c)] Energy-level configuration and laser drivings of control atom (target atom). Both of the two atoms have two ground states |0 and |1 , and two Rydberg states |R and |r . Ω1 and Ω3 are Rabi frequencies of the transitions |0 → |R and |R → |0 of control atom, respectively. While Ω2 is the Rabi frequency of the transition |1 ↔ |r of target atom.
is introduced. Where χ is an arbitrary constant with units of frequency to keep I 1 (t) with dimensions of energy [χ = ±2λ ± , λ ± are eigenvalues of invariant I 1 (t)]. According to Eq. (A1), β = β(t), γ = γ(t) are timedependent auxiliary parameters which satisfy the equationsγ
where the dot denotes a time derivative. Then Ω 1 and ∆ are derived from Eq. (5) as
The instantaneous eigenvectors of I 1 are
And the LR phase [Eq. (A3)] is
where t f is the total interaction time, and
To meet the conditions below: (1) . Boundary conditions [H(0), I(0)] = [H(t f ), I(t f )] = 0, through which H(t) and I(t) share common eigenvectors at the starting and ending of the system evolution process; (2) . State evolution condition. With initial state |0 , it is required that Hamiltonian in Eq. (2) drives |0 c to |R c along one of the invariant eigenvector |φ + (t) , picking up a phase factor −β; (3). Boundary conditions Ω 1 (0) = Ω 1 (t f ) = 0, the parameters should satisfy
And the constant [Eq. (A2)] C + = φ + |0 = 1, C − = 0. For simplicity, with ϕ = 0 in Eq. (2), it is useful to make β close to (n + 1/2)π to minimize Ω 1 (n = 0, 1, 2...) in Eq. (6) . Besides, to guarantee Ω 1 positive, β should satisfy
With the above boundary conditions and polynomial ansatz of γ(t) = The evolution of population (calculated byρ(t) = i[ρ(t), H(t)]) plotted in Fig. 2(a) shows |R c is obtained from the initial state |0 c by means of the well designed Rabi frequency and detuning. It is noted state |R c would pick up the phase factor of the combination of β(t f ) and α + [Eq. (8) ] during the evolution.
After
Step (i), the transformations
are achieved (subscript t denotes target atom) with C + = 1.
Step (ii). For the target atom, level |1 t is coupled to Rydberg state |r t by Rabi frequency Ω 2 (t) as shown in Fig. 1(c) . Similarly, a two-level Hamiltonian like Eq. (2) with the condition Ω 2 (t) = Ω 1 (t) and ∆ r (t) = ∆ R (t) would drive the evolution |1 t → |1 t with a phase π. The physical process of this step can be classified as two types.
Type one: If the control atom is initially in |1 c and it would not be excited after Step (i), the initial state |1 t would be excited to state |r t along the |φ + (t) in Eq. (7). The process is similar to Step (i).
Type two: If the initial state of control atom is |0 c , it would be excited to |R c after Step (i). Thus the Rydberg blockade effect [1, 2] induced by V Rr would inhibit the transfer |1 t → |r t .
Interestingly, performing the above Ω 2 (t) on target atom once again, transition |r t → |1 t would be realized for the excited target atom, but with a negative sign along |φ − (t) in Eq. (7). That is, in Step (ii), we would realize the transformations Here A = C + e i(−π/2+α+) and C + = 1 in the evolution path |φ + (t) , while B = C − e i( π 2 +α−) and C − = 1 in the evolution path |φ − (t) . The population evolutions of |1 t and |r t are shown in Fig. 3 , which are consistent with the result in Eq. (13) .
Step (iii). In
Step (i), the transfer of |0 c → |R c is realized with tha phase (−π/2 + α + ). On the contrary, in Step (iii), using the same boundary conditions of Eqs. (10) and (11), but β(0) = β(t f ) = −π/2 and ϕ = π, the transfer |R c → −C − |0 c would be realized with the phase (−π/2+α − ), along the eigenvector |φ − (t) [Eq. (7)] (C − = 1) adopting Ω 3 (t) = Ω 1 (t). In Fig. 2(b) , driven by the Hamiltonian in Eq.(2), it is seen that the population of |0 t ranges from 0 to 1 while the population of |R t ranges from 1 to 0, which indicates the reverse transformations of Eq. (12)
After the three steps above, the construction of twoqubit π CPG
in Rydberg atoms is accomplished. Since α + = −α − , the LR phases during the evolution process could be exactly offset and minus "−" is viewed as phase π.
II.2. CONSTRUCTION OF TWO-QUBIT ARBITRARY-PHASE CPG
The CPG with arbitrary-phase has more applications in quantum information processing tasks [50] . Based on the LR invariant in two-level system, the arbitrary-phase CPG can be constructed. The whole proposal also requires three steps.
Step (i) and Step (ii) are same as that in the construction of π CPG while Step (ii) is different.
Five-level configuration of target atom, in which three levels participate in the evolution process. Ωp(t) and Ωs(t) are two Rabi frequencies for the interactions with pump and Stokes fields, respectively. 
In
Step (ii), the required energy level and laser driving is the same as that in Fig. 1 of target atom, for simplicity we set ∆ r = 0, thus the Hamiltonian reads
in the basis {|1 t , |r t }. For ∆ r = 0, with Eq. (6), it is set that β ≡ const. and cos(β −ϕ) ≡ 0. This also leads to α ± ≡ 0 [Eq. (8)]. In the following, for clearness we divide
Step(ii) as two processes to describe, i.e., |1 t → |r t and |r t → |1 t . For process |1 t → |r t , we label the corresponding parameters β and ϕ as β 1 and ϕ 1 while for process |r t → |1 t as β 2 and ϕ 2 . Firstly, with the condition same as Eq. (10), |1 t would be driven to C + e −iβ1 |r t (C + = 1) along |φ + . To construct the CPG with arbitrary phase ϑ, we set β 1 ≡ −ϑ/2 and
Secondly, the inverse population transfer |r t → |1 t is realized also along |φ + , which is different from the evolution path |r t → |1 t in Step (ii) of constructing π CPG (Sec. II.1). Thus the conditions
is needed. Setting β 2 ≡ ϑ/2 and ϕ 2 = −π/2 + ϑ/2, |r t could be driven to C + |1 t (C + = 1) along |φ + with the phase β 2 using Rabi frequency −Ω 1 (t). Consequrntly, after the whole evolution in Step (ii), state |1 t becomes e iϑ |1 t with ϑ = (−β 1 + β 2 ). After considering Steps (i) and (iii) the same as that in Sec. II.1, the arbitrary-phase CPG is constructed as
where ϑ ∈ [−π, π].
II.3. CONSTRUCTION OF MULTI-QUBIT π CPG
The multi-qubit CPG with one and multiple target qubits can be applied to quantum error correction [51, 52] , discrete cosine transform [53] , and quantum entanglement preparation [54, 55] .
To construct three-qubit CPG, the corresponding Rydberg-Rydberg interaction Hamiltonian should be
where σ mn k stands for |m n| of the k -th atom (k = 1 for control atom, while 2, 3 for target atoms). Suppose the target atoms have the same level configuration in Fig. 1(c) or 4(a) , and also the condition of In addition, the proposal can be generalized to n-qubit case in three-step with the Rydberg-Rydberg interaction Hamiltonian (19) where j = 2, 3, . . . , n (j < j ′ ). The control atom is driven by the laser fields of Rabi frequencies Ω 1,3 in the first and third steps, respectively, while the target atoms are driven by the laser field of Rabi frequency Ω 2 (or Ω s , Ω p ) in the second step. That is the n-qubit π phase gates are constructed as
where Θ = α(β + ζ + · · · + ξ)π and α, β, ζ, · · · , ξ ∈ {0, 1}.
III. CONSTRUCTING π CPG WITH THREE-LEVEL SYSTEM
In addition to the two-level Hamiltonian in Eq. (2), the three-level system can also be used to construct Rydberg
For simplicity, we only show how to realize Step (ii) in two-qubit π CPG with three-level system LR theory. Steps (i) and (iii) keep the same as that of the two-level case. Consider a five-level Rydberg atom as the target atom shown in Fig. 4 . Under the interaction picture, the Hamiltonian of target atom reads
where Rabi frequencies Ω p (t) and Ω s (t) stands for the interaction with pump and Stokes fields, respectively. And the corresponding invariant I(t) is given by [43, 44] 
where Ω 0 is an arbitrary constant with units of frequency to keep I 2 (t) with dimensions of energy. The eigenvectors of I 2 (t) are
and
with the corresponding eigenvalues 0, ±1. Similarly, with Eq. (A1), Rabi frequencies Ω p (t) and Ω s (t) are described as
LR phase [Eq. (A3)] in this case satisfy: α 0 = 0, and
(25) Here, Invariant eigenvector |η 0 is chosen to guide the initial state |1 t to finial state −|1 t . The feasible parameters meet
where ǫ is a small value, and t ′ f is the total interaction time in three-level LR invariant. Which leads to Besides, with Eqs. (A2) and (25) , C j = η j (0)|1 (j = 0, ±1), and the final state is
where α = π/ sin ǫ. With the condition α = 2nπ(n = 1, 2, 3 . . .), |Ψ(t ′ f ) = −|1 , i.e., the transformation
is realized if the control atom is not excited. And |0 t does not participate in the evolution, which means |0 t → |0 t . On the other hand, if the control atom is initially in state |0 c , it would be excited after Step (i), thus the above process to achieve Eq. (30) would be inhibited due to Rydberg blockade. After considering Steps (i) and (iii) the same as that in Sec. II.1, the Rydberg π CPG would also be constructed.
In Fig. 5 , with ǫ = 0.2527 for n = 2, time-dependent Ω p (t) and Ω s (t) are plotted as well as the populations of |1 t , |r t , |2 t driven by Hamiltonian (20) when the control atom is initially in state |1 c . It can be seen the population of |r t is smaller than that in two-level case [ Fig. 3 ], which results a better robustness against decoherence. And we will compare them in the numerical simulations later.
IV. ANALYSIS AND DISCUSSION

IV.1. Numerical simulations
Probability amplitude evolutions (minus "−") in transformation |1 t → −|1 t of the two-and three-level cases [Step (ii)] are shown in Fig. 6 . Besides, to show the whole phase evolutions in the construction of two-qubit π CPG in two-level system, we plot the curves of the phase-angle evolution versus time in Fig. 7 of the three steps. The phase evolution [ Fig. 7(a) ] in Step (i) belongs to |R c , while in Step (iii) belongs to |0 c . That is after Steps (i) and (iii), transformation |0 c → |0 c is realized with the phase 3.044 − 3.044 = 0. Phase evolutions in Fig. 7 (b) are about Step (ii) of |r t in |φ + and |1 t in |φ − . After
Step (ii), transformation |1 t → −|1 c is realized for the Step(i)
Step ( sum of two phases symmetrical about −π/2 (for the initial state |1 c ). The results are consistent with the ideal case we considered in Sec. II.1.
To analyse the total fidelity of the CPG, suppose the initial state
and the ideal final state
For π CPG, ϑ = π. In Fig. 8(a) , with the Hamiltonian H = H R + H 1 (or H = H R + H 2 ) and the fidelity defination F = ψ ideal |ρ(t)|ψ ideal , we plot the process of infidelity (1-F ) versus time. The final total fidelity can be approximately 99.9998% in two-level system, while it is approximately 99.9965% in three-level case, both with V Rr = 6.4Ω 10 [Ω 10 is the maximum value of Ω 1 (t)]. Total infidelity in constructing two-qubit arbitraryphase CPG versus phase ϑ in two-level system is shown in Fig. 8(b) . It can be seen that the performance of the case V Rr = 7.4Ω 10 is superior to the case of V Rr = 6.4Ω 10 , where the mean infidelity is lower than 10 −5 . Fig. 8(c) , respectively. That means the condition of Ω 10 ≫ V rr can be reduced as Ω 10 ∼ V rr according to these results, which may decrease the experiment difficulty. Obviously, the fidelity in constructing π CPGs would decrease with the increasing number of qubit and the vdW interaction strength. In the above discussion, the whole system is considered as entirely isolated from the environment, and the effects of decoherence induced by the spontaneous emission (energy relaxation) and dephasing have been ignored. The evolution of the system in consideration of decoherence could be described by Lindblad master equatioṅ
where H(t) is the total Hamiltonian of three steps, ρ(t) = |ψ(t) ψ(t)|, and L k (k = 1, 2, 3, 4) is the Lindblad operator as
where γ R0c and γ r1t (γ φR0c and γ φr1t ) are the spontaneous emission rates (dephasing rates) of control and target atoms, respectively. But to the three-level system, there are additional decohernce factors of For brief discussion, we assume γ R0c,r1t,r2t = γ and γ φR0c,r1t,r2t = γ φ .
In Fig. 9 , with γ = γ φ = 0.01, the fidelity in two-level system is F 1 ≈ 95.95%, and the fidelity in three-level system is F 2 ≈ 96.13%. Besides, for γ = 0.01, γ φ = 0, F 1 ≈ 98.34% and F 2 ≈ 98.48%, while γ = 0, γ φ = 0.01, F 1 ≈ 97.56% and F 2 ≈ 97.61%. These results show that the total fidelity of constructing the two-qubit π CPG in two-or three-level system is more robust against spontaneous emission than dephasing. And compared with two-level system, the three-level system is a little more robust against both spontaneous emission and dephasing, which is consistent with our guess for the lower population of excited state |r t [ Fig. 5 ].
It is noted the results given above are under the condition T = 1µs, which result in the total operation time 4T = 4µs and Ω 10 ≈ 12.31MHz. Besides, we may set T = 0.1µs, then the fidelity of constructing two-qubit CPG in two-level system becomes F . 11. (a) . The laser pulses in three steps for constructing π CPGs of two-level system. And there is a phase angle ϕ = π in the third-step laser Rabi frequency. The total fidelity of constructing two-qubit CPG versus the variations of T and Ω10 in two-level system (b) and three-level system (c).
IV.2. Intermediate Rydberg interaction
One interesting thing is that the intermediate Rydberg interaction is also feasible for our proposal (V Rr ∼ Ω 10 ), which may reduce the difficulty in experiment. In Fig. 10 , we plot the curves of the total infidelity versus the strength of V Rr in constructing two-qubit π CPG, where V Rr = xΩ 10 in two-level system or V Rr = xΩ s0 (Ω p0 ) in three-level system (Ω s0 and Ω p0 are the maximum values of Stokes and pump laser fields, respectively). It is seen that the infidelity in our proposal can be 10 −4 with V Rr ≈ 1.75Ω 10 in two-level system, or V Rr ≈ 4.7Ω s0 in three-level system. And the infidelity can be 10 −2 with V Rr ≈ 1.18Ω 10 in two-level system, or V Rr ≈ 1.34Ω s0 in three-level system. Due to Ω 10 ≈ 1.0125Ω s0 , the performance of two-level system is superior to three-level system for a lower Rabi frequency, and with Fig. 10 , its lowest infidelity can approach to 10 −7 . But its performance may be less stable than three-level system. The general tendency of their infidelities tend to be both lower than 10 −4 .
IV.3. Experimental feasibility
Figure 11 (a) shows that the laser pulses used in twolevel system actually are the same [the phase ϕ = π of Rabi frequency in Step (iii) is required], which may make the experiment more simple, compared with the laser pulses [Step (ii)] used in three-level system [ Fig. 5(b) ].
The parameters fluctuations are hard to be avoided in experiment. In Fig. 11(b) and (c), we show the total fidelities of two-qubit π CPG versus the fluctuation of Rabi frequency and interaction time in two-and threelevel systems, respectively. It can be seen that both the two systems are more robust against fluctuation of Rabi frequency than the fluctuation of interaction time. Furthermore, the two-level system is more robust against the fluctuation of laser amplitude of Rabi frequency than three-level system, while three-level system is more robust against the fluctuation of interaction time than twolevel system. In experiment, there are two processes to excite the ground state to Rydberg state, one is two-photon transition [9] [10] [11] , the other is single-photon transition [14, 56] . In Refs [9, 12] , Gaëtan et al. excited one ground state 5s 1/2 to the Rydberg state 58d 3/2 using the two-photon transition mediated by one optical state 5p 1/2 [5] . And in experiment, a 319-nm laser is adopted to couple the 133 Cs atom directly from the ground state 6S 1/2 to the Rydberg state 84P 3/2 via one single-photon transition [14, 56] . The energy level configuration in our model can be chosen [36] as the cases in Table I of single-photon transition. For the dipole-dipole interaction strength B(V Rr ) = C3 x 3 , the first case in Tab. I signifies V Rr ≈ 2529MHz, while the second case means V Rr ≈ 1222MHz. In Tab. II, according to different operation time in constructing twoqubit CPG and dipole-dipole interaction strength V Rr , some total fidelities of constructing two-qubit π CPG are calculated with two-level system.
In addition to the dipole-dipole interaction of |Rr ct ↔ |rR ct , there may exist near-resonant coupling to many other states, which could result in leakage and errors [36] . For example, considering two types leakage channels in Fig. 12 , for the case of first line in Tab. I, |a c → 111d 5/2 (5/2), |b c → 112p 1/2 (−1/2), |a t → 101p 3/2 (−1/2), |b t → 99d 5/2 (5/2), V ar /V Rr = −0.64, V Rb /V Rr = −0.49, δ 1 /(2π) = 171MHz, δ 2 /(2π) = −75MHz.
For the operation time 4T = 0.4µs and V Rr ≈ 2529MHz, the total fidelity in constructing two-qubit CPG in view of coupling leakage and errors is approximately 0.9979, which seems the coupling leakage and errors hardly have influence on our proposal. In summary, we have studied the fast and noiseresistent construction of two-qubit π CPG via the Rydberg blockade mechanism and the STA of LR invariant theory in two-level neutral atoms (considering detuning). Then the two-qubit arbitrary-phase (without detuning) and multi-qubit π CPGs with one control and multiple target qubits are constructed further. Same as the construction of two-qubit π CPG, the operation steps and time keep unchanged in the construction of multi-qubit π CPG. Numerical simulations of comparison between the two-and three-level systems [used in Step (ii)] adopting LR invariant theory manifest that, in the construction of two-qubit π CPG, the two-level case is more simple and effective, but a little less robust against decoherence. And the intermediate, not just the strong, Rydberg coupling interaction strength is also valid in our proposal.
as a linear combination of "dynamical modes" |φ n (t) |Ψ(t) = n C n e iαn |φ n (t) ,
where C n are time-independent amplitudes, while |φ n (t) are the orthonormal eigenvectors of invariant I(t), satisfying I(t)|φ n (t) = λ n |φ n (t) , with λ n real constants. The LR phases α n are defined as
Then invariant I(t) could be defined as I(t) = n λ n |φ n (t) φ n (t)|.
